Let U be a strictly increasing sequence of integers. By a greedy algorithm, every nonnegative integer has a greedy U-representation. The successor function maps the greedy U-representation of N onto the greedy U-representation of N +1. We characterize the sequences U such that the successor function associated to U is a left, resp. a right sequential function. We also show that the odometer associated to U is continuous if and only if the successor function is right sequential.
Introduction
It is well known that, in the classical K-ary number system, where K is an integer 2, the successor function, which maps the K-representation of N onto that of N +1, is computable by a sequential nite 2-tape automaton (that is to say, deterministic on inputs) working from right to left but not from left to right (there is a carry which propagates from right to left). In Computer Arithmetic, on-line arithmetic consists in performing operations in Most Signi cant Digit First mode (i.e. from left to right), digit serially after a certain delay of latency (see Er84] ). This mode of doing allows pipelining di erent operations such as addition, multiplication and division. To be able to perform on-line addition in integer base K, it is necessary to use a redundant number system such as the Avizienis signed-digit representation Av61], which consists in changing the digit set. Instead of taking digits from the canonical set f0; ; K ? 1g, they are taken from a balanced set of the form f a; ; ag, where a denotes the digit ?a, a being an integer such that a + 1 K 2a.
On the other hand, non-standard numeration systems have been widely studied. Given a strictly increasing sequence of integers U, every nonnegative integer N can be represented with respect to the system U, that is to say, N has a representation d k d 0 such that N = P k i=0 d i u i : A classical way to obtain such a representation is to use a greedy algorithm ( Fr85] ), which gives the greatest representation for the lexicographical ordering. The digits d i are then elements of a canonical alphabet A U , denoted by A for short. The set of greedy representations of all the nonnegative integers is denoted by L(U). For instance, taking U = fK n j n 0, K integer 2g gives the standard K-ary number system with A = f0; ; K ? 1g. The Fibonacci numeration system is de ned from the sequence of Fibonacci numbers with u 0 = 1, u 1 = 2, u n = u n?1 + u n?2 for n 2, and A = f0; 1g (see K88] ). One of the interests in non-standard numeration systems relies in the fact that they are naturally redundant.
The successor function in the numeration system associated to U is the function Succ :
A ?! A that maps the greedy U-representation of the integer N onto the greedy Urepresentation of N + 1. In F96] we have proved that the successor function is computable by a nite 2-tape automaton if and only if L(U) is recognizable by a nite automaton (the proof is given in Theorem 4 below). When the set L(U) is recognizable by a nite automaton then U must be a linear recurrent sequence with integral coe cients Sh92].
These questions are linked to the representation of real numbers in non-integral base > 1, and particularly to what is known as the -expansion of 1, denoted by d(1; ) (see Section 2.2). In Ho95] are given conditions on the -expansion of 1 and on associated sequences U which imply that the set L(U) is recognizable by a nite automaton.
In this paper we focus on the sequentiality of the nite 2-tape automaton computing the successor function. We rst study the left sequentiality (the sequentiality from left to right) of the successor function in non-standard numeration systems. We show that the successor function associated to U is a left subsequential function if and only if U is one of the following sequences :
Case 1. Let Case 2. U is the set of positive integers.
In FSa97] we have written an algorithm which, given a left subsequential 2-tape automaton computing a relation such that the di erence between the length of input words and the length of output words is bounded, constructs an equivalent on-line nite automaton, that is to say, a left subsequential nite 2-tape automaton which is letter-to-letter after an initial period where it reads the input and outputs nothing. As a corollary, we obtain that, for the above systems U, it is possible to design an on-line nite 2-tape automaton which computes the successor function.
We then consider right sequentiality and prove that the successor function associated to a sequence U is a right subsequential function (on 0 L(U)) if and only if L(U) is recognizable by a nite automaton and if the set M of lexicographically maximum words of L(U) is of the form :
where M 0 is nite, jy i j = p and the union is disjoint.
A case which is frequently met is the following one : U is an integral linear recurrent sequence with characteristic polynomial P having a dominant root > 1. Then the successor function associated to U is right subsequential if and only if the following conditions are satis ed : 1) the -expansion of 1 is nite : d(1; ) = d 1 d m , 2) U is de ned by u n = d 1 u n?1 + + d m u n?m for n n 0 m and 1 = u 0 < u 1 < < u n 0 ?1 (Theorem 3).
In a dynamical context, the successor function is extended to what is called odometer or adding machine (see GLT95] ). We make a connection with a result of GLT95], showing that : Let U such that L(U) is recognizable by a nite automaton. Then the odometer associated to U is continuous if and only if the successor function is right subsequential on 0 L(U).
Recall that the normalization function on an alphabet of integers C is the function C : C ?! A which maps any U-representation on C of a nonnegative integer onto the greedy U-representation of that integer (see FSo96] ). Addition of nonnegative integers represented with respect to U is a particular case of normalization : let A = f0; ; ag be the canonical alphabet associated to U, then addition is the normalization f0; ; 2ag ?! f0; ; ag .
Here we give an example (Example 1) where the function Succ is left subsequential, although normalization is never computable by a nite 2-tape automaton, and an other one (Example 3) where Succ is right subsequential, and such that for any alphabet C A, normalization on C is not computable by a nite 2-tape automaton. The greedy representation of N will be denoted by hNi. By convention the greedy representation of 0 is the empty word ". Under the hypothesis that the ratio u n+1 =u n is bounded by a constant as n tends to in nity (that we will assume in this paper), the integers d i of the greedy U-representation of any integer N are bounded and contained in a canonical nite alphabet A U associated to U. The set of greedy U-representations of all the nonnegative integers is a subset of the free monoid A U , and is denoted by L(U). The sequence U together with the alphabet A U de nes a numeration system associated to U. In the sequel we denote A U by A. The numerical value of a word w = d k d 0 , is given by
A ?! A that maps the greedy U-representation of the integer N onto the greedy Urepresentation of N + 1. A factor of a word w is a word f such that there exist words w 0 and w 00 with w = w 0 fw 00 . When w 0 = ", f is said to be a pre x of w, and when w 00 = ", f is said to be a su x of w. If H is a subset of A we denote by F(H) (resp. PF(H), resp. SF(H)) the set of factors (resp. pre xes, resp. su xes) of words of H. The length of a word w = w 1 w n with w i in A for 1 i n is denoted by jwj and is equal to n. By w n is denoted the word obtained by concatenating n times w. The set of words of length n (resp. n) of A is denoted by A n (resp. A n ). By H + is denoted H n ". A word f is a factor of an in nite word s if s = wfs 0 , with s 0 2 A N . The set of factors of a subset K of A N is denoted by F(K).
Representation of real numbers
3 Main results
Preliminaries
First, if the successor function associated to U is computable by a 2-tape automaton, then its domain L = L(U) is recognizable by a nite automaton. So in the sequel we assume that L is recognizable by a nite automaton. Then, by Sh92], U must be a linear recurrent sequence with integral coe cients. Let us recall the following results.
Proposition 1 (folklore, see Sa83]) Let H be a subset of A , and let M(H) be the union of the lexicographically maximum words of H of each length, as follows :
fv 2 H \ A n j 8w 2 H \ A n ; w lex vg:
Then, if H is recognizable by a nite automaton, so is M(H).
Let us denote by M the language M(L) of lexicographically maximum words of L. Let m n be the word of length n which is maximum in the lexicographical ordering : m n = hu n ? 1i, and M = n 0 fm n j n 2 Ng. Notice that the empty word " = m 0 belongs to M. We have Proposition 2 Ho95] The language L is equal to L = n 0 fv 2 A n j every su x of length i n of v is lex m i g. 
Left sequentiality
We begin giving a proof of the well known fact that, in the classical K-ary number system, where K is an integer 2, the successor function is not sequentially computable from left to right. 
let 0 n m + , and q = r 0 r n be a state of R di erent from i 0 and from the states of the form rd 1 d m 0 or rd 1 d m 0 ?1 (Case 1), and rd 1 d m?1 (Case 2) just mentioned above. Let l 0 be the minimum index such that r l+1 r n a is in X, then let the next state be (q; a) = r l r l+1 r n a and the output be (q; a) = r 0 r l?1 . When r 1 r n a 2 X (l = 0), we get (q; a) = r 0 r n a and (q; a) = ", and when there is no su x of r 0 r n a belonging to X (l = n + 1), we get (q; a) = a and (q; a) = r 0 r n .
All we have to do now is to determine for which letters a 2 A these edges are valid. Let us consider a state of form q = rd 1 d n , n m ? 1 if 1, or n m ? 2 when = 0. Then for any letter a < d n+1 such that there is no edge labelled by a leaving q in M, we de ne an edge q a= (q;a) ?! (q; a). Example 1 Let = 2, and u n = 2u n?1 + 1 for n 1, and u 0 = 1. Then u n = 2 n+1 ? 1, M = 20 ", L 0 = f0; 1g f0; 1g 20 . The sequence U is linearly recurrent, given by u n = 3u n?1 ? 2u n?2 for n 2 and u 1 = 3, u 0 = 1. Here is the left subsequential 2-tape automaton S realizing Succ. Otherwise, suppose that for every i, 1 i p, y i = 0 p . Then by hypothesis, p must be 2. For simplicity, suppose p = 2. Then M = x 1 (00) x 2 (00) M 0 . Suppose that x 1 0 ! < lex x 2 0 ! . Then there exists k 0 such that x 1 (00) n?1 0 k < lex x 2 (00) n , thus for n 1, x 1 (00) n?1 0 k 2 L n M and x 1 (00) n 2 M. 
Right sequentiality
Lemma 4 There exist sequences U such that the function Succ cannot be realized by a right subsequential 2-tape automaton.
Proof. Consider the sequence U de ned by the following linear recurrent sequence u n = 3u n?1 ? u n?2 ; u 0 = 1 ; u 1 = 3: U = f1; 3; 8; 21; g is the sequence of Fibonacci numbers of even index. The canonical alphabet is A = f0; 1; 2g, L 0 = f0; 1g f0; 1g 21 (f0; 1g 21 0) and M = 21 ". Since L 0 is recognizable by a nite automaton, Succ is computable by a nite 2-tape automaton. There is a funny case where Succ is right subsequential on L but not on 0 L. Proposition 10 The sequence U is an arithmetic progression, de ned by u k+p = c + dp; for p 0 with 1 = u 0 < u 1 < < u k = c and 0 < d c, if and only if the set of lexicographically maximum words is of the form M = 10 z M 0 . In that case, the function Succ is right subsequential on L but is not right subsequential on 0 L. Proof. 1) Let u k+p = c + dp, with u k = c and 0 < d c. Let Remark that if we take k = 0, then c = d = 1, u p = p + 1, and we nd again the pathological case, which has thus the property that Succ is both left and right subsequential on L.
We now make an additional hypothesis on the sequence U, which is ful lled in many cases. Assume that U is an integral linear recurrent sequence with characteristic polynomial P such that P has a dominant root > 1, that is to say, every other root of P is such that j j < . Such a number is called a Perron number. Example 2 Fibonacci recurrence with non canonical initial conditions.
Let U = (u n ) n 0 be the linear recurrent sequence de ned by u n = u n?1 + u n?2 for n 3; u 0 = 1; u 1 = 4; u 2 = 7:
The characteristic polynomial of U is P(X) = X 
Odometer and automata
In this section we make a connection between right sequentiality of the successor function and continuity of the odometer as de ned in GLT95]. Note that in GLT95] numbers are written the other way round, that is to say with the least signi cant digit at the left-end of the representation. We keep on writing numbers with the most signi cant digit at the left.
Let A be an alphabet and denote by N A the set of left in nite sequences over A, endowed with the discrete topology. The sequence aaa is denoted by ! a.
As above, U is a strictly increasing sequence of integers with u 0 = 1, and A is the canonical alphabet associated to U, L = L(U) is the set of greedy U-representations of the nonnegative integers, and M is the set of lexicographically maximum words of L. Remark that, if we take for U the classical K-ary system, where K is an integer 2, u n = K n , and C(U) is the set of K-adic integers.
In the sequel we suppose that L is recognizable by a nite automaton. Let Proof. Since L is right deterministic and every state is terminal, jjLjj = fs = (s j ) j 0 j 8j s j s 0 2 0 Lg = C. As M is right deterministic, jjMjj = fs j s j s 0 2 M for in nitely many j's g = C n C 0 .
For the sake of completeness, we recall the construction presented in F96].
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Theorem 4 The successor function in the numeration system associated to U is computable by a letter-to-letter nite 2-tape automaton (which is not right subsequential in general) if and only if the set L(U) is recognizable by a nite automaton.
Proof. We construct a right (non deterministic) automaton X as follows. First, X contains both L and M as subautomata. Now, according to Lemma 2 we distinguish two cases, according to whether the addition of 1 will produce a carry or not.
Case 1. Addition of 1 doesn't produce a carry : it means that we are considering words w having no nonempty su x in M. The set of such words is K = L 0 n A (M n "), which is recognizable by a nite automaton. Let K = (Q 2 ; A; E 2 ; j 0 ; T 2 ) be the deterministic right automaton of classes mod K recognizing K. Since every non empty su x of K is again in K (the empty word is not in K), we can take T 2 = Q 2 n j 0 . We join K and M be taking j 0 = i 0 = f "] M g for initial state of K. Case 2. Addition of 1 produces a carry. We consider any terminal state t = f] M of M, f 2 M, t 6 = "] M . 1) There is no edge outgoing from t. So for any letter a 2 A, is created a new edge in X : Now let X = (Q Q 1 Q 2 Q 3 ; A; E E 1 E 2 E 3 ; q 0 = "] M ; S), with the set S of terminal states being de ned as follows : every state excepted the states of M is terminal, S = Q Q 2 Q 3 n "] M .
The right 2-tape automaton S realizing the function Succ is de ned with X as underlying With the slight modi cation that every state of S excepted the non-terminal states of M has to be chosen as terminal, it is easy to show the following.
Proposition 11 The odometer is computed by S, that is, jjSjj = .
Proof. Let Here we prove the following.
Theorem 6 Let U such that L is recognizable by a nite automaton. Then the odometer Example 4 Let U = (u n ) n 0 be the linear recurrent sequence de ned by u n = u n?1 + 2u n?2 ; u 0 = 1; u 1 = 3:
The characteristic polynomial of U is P(X) = (X + 1)(X ? 2). The canonical alphabet is A = f0; 1; 2g. The language L is recognizable by a nite automaton, 0 L = f0; 1g f0; 1g 02(00) , M = (11) 2(00) , C nC 0 = ! 1 = ?1 (0). Since ?1 (0) 6 = ;, the odometer is surjective. The successor function is not right subsequential from Theorem 2, and thus is not continuous (this fact is also easy to prove directly). The successor function is not left subsequential by Theorem 1. It is computable by a nite 2-tape automaton F96], although on any alphabet normalization is never computable by a nite 2-tape automaton. 
Conclusion
Let us recall a result from FSo96] which says that, if U is a linear recurrent sequence of integers such that its characteristic polynomial is the minimal polynomial of a Pisot number, then normalization is computable by a nite 2-tape automaton on any alphabet of integers, and in particular addition also. This is the case for the sequences given in Lemma 4 and in Example 2.
It should be clear that there is a great di erence between addition and the successor function. Of course, if addition is computable by a nite 2-tape automaton (c.f.a. for short), so is Succ. Note that addition in the standard K-ary numeration system is right subsequential (see E74]), but addition in the Fibonacci numeration system is neither left nor right subsequential, but can be obtained as the composition of a left and of a right subsequential function, explicity given in Sa81].
Below we summarize the examples considered in this paper. Unless explicitely stated, the results hold for any initial conditions such that u 0 = 1 and U is strictly increasing. I thank Paul Gastin for his set of macros \Autograph" for drawing automata.
